We construct five different two-parameter massive deformations of the unique ninedimensional N = 2 supergravity. All of these deformations have a higher-dimensional origin via Scherk-Schwarz reduction and correspond to gauged supergravities. The gauge groups we encounter are SO(2), SO(1, 1) + , R, R + and the two-dimensional non-Abelian Lie group A(1), which consists of scalings and translations in one dimension.
Introduction
It is well-known that the low-energy limit of superstring theory and/or M-theory is described by a supergravity theory in the same spacetime dimension and with the same number of supersymmetries. Thus, M-theory leads to D=11 supergravity and Type IIA/IIB superstring theory leads to D=10 IIA/IIB supergravity. The same applies to the compactifications of these theories to lower dimensions.
The other way round is less clear: not every supergravity theory has necessarily a string or M-theory origin. A well-known example of a supergravity theory whose role in string theory was unclear until a few years ago is the D=10 massive supergravity theory of Romans [1] . It was pointed out by Romans that the D=10 (massless) IIA supergravity theory [2, 3] can be deformed into a massive supergravity with mass parameter m R . The role of this massive supergravity within string theory has become clear only after the introduction of the D-branes, in particular the D8-brane [4] . An interesting feature of the massive supergravity of Romans is that the Lagrangian possesses a dilaton potential proportional to m 2 R which acts as an effective cosmological constant. Due to this scalar potential the massive supergravity, unlike the massless case, does not allow a maximally supersymmetric Minkowski spacetime as a vacuum solution. Instead, the scalar potential leads to the possibility of a half-supersymmetric domain wall solution interpolating between different values of the cosmological constant. Such a solution indeed exists [5, 6] and is identified as the D8-brane of [4] .
The massive supergravity of [1] is not a gauged supergravity and, at the field theory level, has no D=11 origin 1 . The only candidate symmetry of the Lagrangian to be gauged is a rigid R + symmetry (see Table 2 ). However, the Ramond-Ramond gauge vector has a nontrivial weight under this R + symmetry and this leads to inconsistencies with the supersymmetry algebra. There does exist another massive deformation of D=10 IIA supergravity, with mass parameter m 11 , which is a gauged supergravity and does have a D=11 origin [8, 9] . However, it can only be defined at the level of the equations of motion. The Ramond-Ramond gauge vector has weight zero with respect to the R + group that is gauged (see Table 2 ) and in this case there are no inconsistencies with the supersymmetry algebra. The role of this second massive deformation within string theory is not (yet) clear. An interesting feature of the theory is that it allows for a (non-supersymmetric) de Sitter space solution [9] . The possible physical significance of this de Sitter space solution has been discussed in [10, 11] .
A common feature of the D=10 massive supergravity of [1] and the D=10 gauged supergravity of [8, 9] is that there is a dilaton potential which is proportional to the square of the mass parameter, m 2 R and m 2 11 , respectively. Due to this scalar potential the D=10 Minkowski spacetime is no longer a maximally supersymmetric vacuum solution of the theory. Instead one can look for half-supersymmetric vacuum solutions. A natural class of halfsupersymmetric solutions that makes use of the scalar potential is the set of domain-wall solutions, like the D8-brane mentioned above. Recently, domain wall solutions of lowerdimensional supergravities have attracted attention in view of their relevance for a supersymmetric Randall-Sundrum scenario [12, 13] , the domain-wall/QFT correspondence [14, 15] and applications to cosmology [16, 17] . In all these applications the properties of the domain walls play a crucial role and these properties are determined by the details of the scalar potential.
Motivated by this we studied in a previous paper general domain wall solutions in D=9 dimensions [18] 2 . We took D=9 because on the one hand this case shares some of the complexities of the lower-dimensional cases, on the other hand the scalar potential for this case is simple enough to study the corresponding domain-wall solutions in full detail. The supergravity theory we considered in [18] was obtained by a generalized Scherk-Schwarz reduction of D=10 IIB supergravity. This is not the most general possibility in D=9. The aim of this paper is to make a systematic search for massive deformations of the unique D=9, N=2 supergravity theory. All deformations we find correspond to gauged supergravities. Such supergravities have a gauge symmetry which reduces, for constant values of the gauge parameter, to a nontrivial rigid symmetry. The hope is that the D=9 case will teach us something about the more complicated situation in D < 9 dimensions.
In the first part of this paper we will present in two steps the D=9 gauged supergravities we have found. In a first step we will present seven massive deformations with a single mass parameter m, all giving rise to gauged supergravities. All of them are obtained by generalized dimensional reduction [22] from a higher-dimensional theory (11D, IIA or IIB supergravity). The consistency of these 9D gauged supergravities is guaranteed by their higher-dimensional origin. The gauge groups we encounter are either 3 SO(2), SO(1, 1) + , R (all of which are subgroups of SL(2, R) with invariant metrics diag (1,1), diag (1,-1) and diag (1, 0) , respectively [23, 24] ), R + or the two-dimensional non-Abelian Lie group A(1) 4 . The latter is the affine group of the line and consists of so-called collinear transformations (scalings and translations) in one dimension and forms a non-semi-simple Lie group [25, 26] .
In a second step we will consider combinations of these seven massive deformations. The closure of the supersymmetry algebra will be guaranteed based on a linearity argument but it turns out that non-linear restrictions enter via the back door. Satisfying these restrictions leaves us with five different two-parameter deformations (rather than the seven-parameter deformation that one could have if there were no non-linear restrictions). These are the most general gauged supergravities we construct in this paper.
In the second part of this paper we make a systematic search for vacuum solutions of the supergravities we have obtained. The existence of such vacuum solutions is needed in order to define the spectrum of the theory as fluctuations around this vacuum. Our search includes half-supersymmetric domain wall solutions and non-supersymmetric de Sitter spaces.
Throughout the paper we will reduce field equations rather than Lagrangians. The reason for this is the fact that (some of) the rigid symmetries we employ for Scherk-Schwarz reduction scale the Lagrangian. As was noted by [9] and is illustrated by the SS reduction of a simple toy model in Appendix B, Scherk-Schwarz reduction with a symmetry that scales 2 For earlier discussions of domain wall solutions in D=9 dimensions, see [19, 20] . For a more recent discussion, see [21] .
3 Throughout the paper we will use the notation SO(1, 1) + rather than (the isomorphic) R + for the scaling symmetry that is a subgroup of SL(2, R). The different notation is used to emphasize the different origin.
4 This is unrelated to the A-D-E classification of simple Lie groups.
the Lagrangian can only be performed at the level of the field equations. Reduction of the Lagrangian itself gives rise to the wrong equations. In fact, the reduced field equations can not be obtained as Euler-Lagrange equations of any Lagrangian. This paper is organized as follows. In Section 2 we briefly review the situation in D=11 dimensions where no massive deformation has been constructed so far. This case is needed for the discussion of the D=10 and D=9 cases. In Section 3 we discuss the two different massive deformations of D=10 IIA supergravity. In Section 4 we review the case of D=10 IIB supergravity. This case does not allow massive deformations but will be needed for the discussion of the D=9 case. In Section 5 we present 7 massive deformations of the maximally supersymmetric D=9 supergravity theory. They all are gauged supergravities with gauge group SO(2), SO (1, 1) + , R, R + or A(1). In Section 6 we show, by combining the different gauged supergravities, that there exist five different two-parameter massive supergravity theories. In Section 7 we make a systematic search for vacuum solutions of the supergravities we have obtained. Finally, in Section 8 we give our conclusions. In particular, we discuss which of the D=9 supergravities can be considered as candidate low-energy limits of (compactified) superstring theory. We give four Appendices. Appendix A contains our conventions. Appendix B discusses the Scherk-Schwarz reduction of a dilaton-gravity toy model. Appendix C contains the supersymmetry transformations of massless D=11, 10 and 9 supergravity plus the reduction Ansätze to go from D=11 to D=10 to D=9. Finally, in Appendix D we discuss some manipulations with spinors and gamma-matrices in ten and nine dimensions.
D=11 Supergravity
We first consider eleven-dimensional supergravity. Its field content is given by 
D=11:
{êμâ,Ĉμνρ,ψμ} .
The D=11 supersymmetry transformations are given in Appendix C, see eq. (C.1). These supersymmetry rules are covariant under an R + symmetry with parameterα [27] . The weights of the D=11 fields under this R + are given in Table 1 . Note that the Lagrangian is not invariant but scales with weight w = 9. Therefore this R + is a symmetry of the equations of motion only.
No massive deformation of the eleven-dimensional supergravity theory is known. In particular, no cosmological constant can be added [28] . One problem with a D=11 supersymmetric cosmological constant is that its reduction gives rise to a D=10 cosmological constant with a dilaton coupling that differs from Romans' massive deformation. A general deformation of D=11 supergravity involving the use of extra Killing vectors has been considered in [29] . We will not consider this possibility in this paper. The supersymmetry transformations rules are given in eq. (C.5). For later purposes we indicate these (undeformed) supersymmetry transformations by δ 0 . The transformation rules have two R + -symmetries, one with parameterα that scales the Lagrangian and one with parameterβ that leaves the Lagrangian invariant. The first symmetry follows via dimensional reduction from the D=11 R + -symmetry with parameterα. The weights of these two R + -symmetries are given in Table 2 . The gauge symmetry associated to the Ramond-Ramond vector, with parameterλ, readŝ The D=10 IIA supergravity theory allows two massive deformations which we discuss one by one below.
Deformation m R : D=10 massive supergravity
The first massive deformation, with mass parameter m R , is due to Romans [1] . In this case (the same is true for all other cases) the supersymmetry transformations receive two types of massive deformations: explicit and implicit ones. The explicit deformations are terms, 6 We have used the reduction Ansätze (C.4) with m 11 = 0.
at most linear in m R , that are added to the original supersymmetry rules. These explicit deformations are denoted by δ m R and are given, in terms of a superpotential W (φ) and derivatives thereof, by
WΓμǫ ,
There are further implicit massive deformations to the original supersymmetry rules δ 0 , which are given in eq. (C.5), due to the fact that in these rules one must replace all field strengths by corresponding massive field strengths which are given bŷ
The Lagrangian contains terms linear and quadratic in m R . Again there are implicit deformations, via the massive field strengths, and explicit deformations. The explicit deformations quadratic in the mass parameter define the scalar potential which can be written in terms of the superpotential W (φ) and derivatives thereof. Requiring closure of the supersymmetry algebra one finds the linear deformations of the fermionic (gravitino and dilatino) field equations in Roman's theory:
) .
The undeformed equations, X 0 (ψμ) and X 0 (λ), are given in eqs. (C.7). Under supersymmetry the fermionic field equations, X 0 + X m R , transform into the deformed bosonic equations of motion. Since we will only be interested in finding solutions that are carried by the metric and the scalars it is convenient to truncate away all bosonic fields except the metric and the dilaton 7 . After this truncation we find that under supersymmetry the fermionic field equations transform into
At the right-hand side we thus find the Romans' bosonic field equations for the metric and the dilaton, one solution of which is the D8-brane. Note that the bosonic field equations contain terms quadratic in the mass parameter. Romans' theory is not known to have a higher-dimensional supergravity origin. Neither is it a gauged supergravity. A candidate symmetry of the Lagrangian to be gauged is theβ symmetry of Table 2 . However, the candidate gauge fieldÂμ has a nontrivial weight under β. This means that the curl dÂ transforms with a non-covariant term proportional to dλÂ. Such a term cannot be cancelled by adding an extra term, such asB, to the definition of theÂ curvature. In short, theβ symmetry cannot be gauged [3] . The same Table shows that on the other handÂμ has weight zero under theα-symmetry which is a symmetry of the equations of motion only. Thisα-symmetry can indeed be gauged at the level of the equations of motion. This gauging leads to the D=10 gauged supergravity discussed below. 7 Note that a further truncation to φ = c is inconsistent.
Deformation m 11 : D=10 gauged supergravity
The second massive deformation, with mass parameter m 11 , has been considered in [8, 9] and is a gauged supergravity. It can be obtained by generalized Scherk-Schwarz reduction of D=11 supergravity using the R + symmetryα of Table 1 [9] . The corresponding reduction Ansätze, with m 11 = 0, are given in eq. (C.4). This reduction leads to the following explicit massive deformations of the D=10 IIA supersymmetry rules:
δ m 11ψμ = 9 16
The implicit massive deformations of the original supersymmetry rules δ 0 are given by the massive bosonic field strengths 8) while the covariant derivative of the supersymmetry parameter is given by
The gauge vector in the definition of the covariant derivative is required to make the derivative of the supersymmetry parameter and the spin connection R + -covariant. The linear deformations of the fermionic field equations read in this case
) . (3.10)
We first consider the truncation that all bosonic fields except the metric and the dilaton are set equal to zero. Under supersymmetry the fermionic field equations transform into
Rμν − 
The terms involving Γ 11 are part of the vector field equation. Therefore, to obtain a consistent truncation, we must further truncate the dilaton to zero. One is then left with only the metric satisfying the Einstein equation with a positive cosmological constant, a solution of which is 10D de Sitter space [9] . The reduced theory is a gauged supergravity where the R + symmetryα of Table 2 has been gauged. In particular, the gauge parameter and transformation of the Ramond-Ramond potentials read as follows 8 : 12) where wα are the weights underα. We note that one can take two different limits of theα gauge transformations. First, the limit m 11 → 0 leads to the massless gauge transformations (3.2). Note thatĈ transforms trivially under this gauge symmetry in the sense thatĈ can be made gauge-invariant after a simple field-redefinition. Secondly, one can take the limit thatα is constant. This leads to the ungauged R +α -symmetry of Table 2 . A noteworthy feature of the D=10 gauged supergravity is that no Lagrangian can be defined for it. In the search for supersymmetric domain wall solutions in D=5 dimensions many other examples of gauged supergravity theories without a Lagrangian have been given [30] . Note that one can write down a Lagrangian for the ungauged theory. The reason that one cannot write down a Lagrangian after gauging is that the symmetry that is gauged is not a symmetry of the Lagrangian but only of the equations of motion. It would be instructive to construct the D=10 gauged supergravity from the ungauged theory by gauging theα-symmetry. Apparently, it shows that one can gauge symmetries that leave a Lagrangian invariant up to a scale factor.
D=10 IIB Supergravity
The other ten-dimensional supergravity theory is chiral IIB. Its field content is D=10 IIB:
{êμâ,φ,χ,B
(1)
µν ,Dμνρσ,ψμ,λ} .
The supersymmetry variations are given in eq. (C.10). The IIB supersymmetry rules transform covariant under the SL(2, R) transformations (omitting indices):
We have used here the vector notation B = B (1) ,B (2) T . The group SL(2, R) contains a set of three one-parameter conjugacy classes defining one compact and two non-compact subgroups. Since they are needed later we will describe them shortly. Each of the subgroups is generated by a SL(2, R) group element Ω with det Ω = 1.
1. One non-compact subgroup R is generated by
Each element defines a parabolic conjugacy class with Tr Ω = 2. These parabolic transformations leave the combination (B (2) ) 2 invariant. Therefore the invariant metric is given by diag (0,1). The action of the Rζ-symmetry on the fields can not be expressed by assigning weights to the standard basis of fields given in (4.1).
2. An SO(1, 1) + subgroup which is generated by elements
Each element defines a hyperbolic conjugacy class with Tr Ω > 2. These hyperbolic transformations leave the combinationB (1)B(2) invariant. After diagonalization this leads to an invariant metric given by diag (1,-1). The weights corresponding to the SO(1, 1)
+γ -symmetry are given in Table 3. 3. There is a SO(2) subgroup which is generated by elements Ω of SL(2, R) with
Each element defines an elliptic conjugacy class with Tr Ω < 2. The elliptic transformations leave (B (1) ) 2 + (B (2) ) 2 invariant. After diagonalization this leads to an invariant metric given by diag (1,1). The action of the SO(2)θ-symmetry on the fields can not be expressed by assigning weights to the standard real basis of fields given in (4.1). Table 3 contains the weights of theγ-symmetry defined above 9 and of a new R + symmetryδ which is not a subgroup of SL(2, R) and that does not leave the Lagrangian invariant. One could combine SL(2, R) with this new R + into a GL(2, R) symmetry that leaves the IIB equations of motion invariant. Its action is the product of the two separate transformations: Ω = ΩΛδ. This exhausts all the symmetries of D=10 IIB supergravity. The IIB supergravity theory is not known to have massive deformations. One of the reasons for this is that there is no candidate vector field like in the IIA case.
Massive deformations of D=9, N = 2 Supergravity
The Kaluza-Klein reduction of either (massless) IIA or IIB supergravity gives the unique D = 9, N = 2 massless supergravity theory. Its field content is given by D=9:
µ , B
µν , C µνρ , ψ µ , λ,λ} .
The other two symmetries defined above cannot be defined in terms of weights of real fields only.
The supersymmetry rules are given in eq. (C.16). The massless 9-dimensional theory inherits several global symmetries from its parents: two R + symmetries α, β from IIA supergravity and one R + symmetry δ plus a full SL(2, R) symmetry from IIB supergravity. The latter leads in particular to an SO(2) symmetry θ, an SO(1, 1)
+ symmetry γ and an R-symmetry ζ. The weights of all these symmetries, except for the SO(2) θ-symmetry and R ζ-symmetry, and their higher-dimensional origin are given in Table 4 (see also [27] ).
8 IIB Table 4 : The scaling weights of the 9 dimensional supergravity fields, the supersymmetry parameter ǫ and the Lagrangian L.
It turns out that only three out of the four scalings given in Table 4 are linearly independent. There is a relation 4 9 α − 8 3
We observe the following pattern. Using (5.2) to eliminate one of the scaling-symmetries we are left with three independent scaling-symmetries. Each of the three gauge fields
µ has weight zero under two (linear combinations) of these three symmetries: one is a symmetry of the action, the other is a symmetry of the equations of motion only.
The D=9 SL(2, R) symmetry acts in the following way:
while ϕ and C are invariant. We have used a vector notation for the two vectors and two antisymmetric tensors, like in D=10. Again one can combine SL(2, R) with an R + symmetry to form GL(2, R) with parameterΩ = ΩΛ R + .
In addition to the global symmetries there is a number of local symmetries. In particular, the gauge transformations of the vectors read 
, R). Further details of these cases will be given below. Note that the two ways of obtaining the R-gauging give rise to the massive T-duality of [6].
We now turn to massive deformations of the 9D theory. Applying a SS dimensional reduction of the higher-dimensional supergravities we obtain a number of massive deformations in nine dimensions, as illustrated in Figure 1 . By employing the different global symmetries of 11D, IIA and IIB supergravity we obtain seven deformations of the unique D = 9 supergravity.
Note that the different massive deformations can be related. Symmetries of the massless theory become field redefinitions in the massive theory that only act on the massive deformations. This means that the mass parameters transform under such transformations: they have a scaling weight under the different scaling symmetries and fall in multiplets of SL(2, R). In Table 5 the multiplet structure of the massive deformations under SL(2, R) is given. The mass parameterm 4 is defined as the S-dual partner of m 4 and can not be obtained by a SS reduction of IIA supergravity.
All these deformations correspond to a gauging of a 9D global symmetry. In particular, it is always the symmetry that is employed in the SS reduction Ansatz that becomes gauged upon reduction. The corresponding gauge vector is always provided by the metric, i.e. is the Kaluza-Klein vector of the dimensional reduction. In all but one case this is the complete story and one finds an Abelian gauged supergravity. It turns out that there is one exception where we find a non-Abelian gauge symmetry. This can be understood from the following mass parameters SL(2, R) general rule 10 . As we noted, the Kaluza-Klein vector gauges the symmetry employed in the SS reduction Ansatz. The fate of either of the remaining two gauge vectors is restricted to three possibilities:
• The vector is a singlet under the gauge symmetry and its field strength acquires no modification, e.g. A (1) in the m IIA deformation.
• The vector transforms under the gauge symmetry and its field strength acquires a massive deformation proportional to a two-form. The degrees of freedom of the vector are eaten up by the two-form via the Stückelberg mechanism, e.g. A in the m IIA deformation.
• The vector transforms under the gauge symmetry and its field strength acquires no massive deformation proportional to a two-form. In this case we must have gauge enhancement to preserve covariance, e.g. A (1) in the m 4 deformation.
All cases we find in D=9 are consistent with this rule of thumb. We will discuss the different massive deformations one by one below.
Deformation m IIA : SS Reduction of IIA usingα
We first perform a Scherk-Schwarz reduction of (massless) IIA supergravity based on thê α-symmetry of Table 2 . We use the reduction Ansätze (C.9) with m 4 = 0. This leads to a gauged supergravity with mass parameter m IIA . The explicit massive deformations in this case appear in the variation of the gravitino and one of the dilatinos:
The implicit massive deformations are given by 2) with w α the α scaling-weight of the field it acts on, as given in the Table 4 , and DD = w α m IIA F (2) . The covariant derivative of the supersymmetry parameter is given by
The 9D fermionic field equations have the following explicit massive deformations:
This massive deformation is a gauging of the R + symmetry α: 8) where w α are the weights under α.
Deformation m 4 : SS reduction of IIA usingβ
We next perform a generalized Scherk-Schwarz reduction of D=10 IIA supergravity using the R +β symmetry of Table 2 . We use the reduction Ansätze given in eq. (C.9), taken with m IIA = 0. This leads to a massive deformation with mass parameter m 4 . Only the supersymmetry variations of the dilatinos receive explicit massive deformations:
The implicit massive deformations read: 2) with w β the β scaling-weight of the field it acts on, as given in the Table 4 , and DD = w β m 4 F (2) . The covariant derivative of the supersymmetry parameter has no massive deformation. The explicit deformations of the fermionic field equations read
These massive deformations can be seen as a gauging of the R + symmetry β with gauge parameter β and gauge field transformation
In addition, we find that the parabolic subgroup of SL(2, R), with parameter ζ, is gauged:
These two scaling symmetries do not commute but rather form the two-dimensional nonAbelian Lie group A(1), consisting of collinear transformations [25, 26] (scalings and translations) in one dimension. The algebra reads
which is non-semi-simple.
5.3 Deformations m 1 , m 2 , m 3 : SS reduction of IIB using SL(2, R)
We next perform a Scherk-Schwarz reduction of D=10 IIB supergravity using an Abelian subgroup of the SL(2, R) symmetry. This case has been treated in [6, 9, 29, 20, 24, 18, 21] . We use the reduction Ansätze given in eq. (C.14) with m IIB = 0. This yields massive deformations in D=9 with mass parameters m = (m 1 , m 2 , m 3 ). Both the explicit and implicit deformations of the supersymmetry rules can be written in terms of the superpotential
and the mass matrix employed in the Scherk-Schwarz reduction
The explicit deformations are m : 16) while the implicit massive deformations read Dτ = dτ + 4e 17) for the bosons and
for the supersymmetry parameter. The field equations of the 9D fermions receive the following explicit massive corrections:
The massive deformations with parameters m = (m 1 , m 2 , m 3 ) gauge a subgroup of the global SL(2, R) symmetry (5.3) with parameter and gauge field transformation:
Thus these massive deformations correspond to the gauging of the subgroup of SL(2, R) with generator M, the mass matrix employed in the reduction. Note that the transformations of this subgroup have special properties: for example, the superpotential W is invariant under it. We can distinguish three distinct cases depending on the value of m 2 =
• m 2 = 0. We gauge an R subgroup of SL(2, R) with parameter ζ and invariant metric diag (0,1).
• m 2 > 0. We gauge an SO(1, 1) + subgroup of SL(2, R) with parameter γ and invariant metric diag (1,-1).
• m 2 < 0. We gauge an SO(2) subgroup of SL(2, R) with parameter θ and invariant metric diag (1,1).
All these three cases are one-parameter massive deformations.
Deformation m IIB : SS reduction of IIB usingδ
Next, we perform a Scherk-Schwarz reduction of D=10 IIB supergravity using the R + symmetryδ of Table 3 . We use the reduction Ansätze given in eq. (C.14) with m 1 = m 2 = m 3 = 0. This yields a massive deformation with parameter m IIB . The explicit deformations of the supersymmetry rules read
im IIB e 2ϕ/ √ 7 γ µ ǫ ,
The implicit deformations read
for the bosons and
for the supersymmetry parameter. The explicit deformations of the fermionic field equations read
This is a supergravity where the R + -symmetry δ has been gauged:
5.5 Deformation m 11 : KK reduction of IIA with m 11 -deformation
Finally, one can also consider the Kaluza-Klein reduction of the D=10 gauged supergravity discussed in Subsection 3.1 (see also Figure 1 ). This leads to a D=9 gauged supergravity with the following explicit deformations
im 11 e
The bosonic implicit deformations read 26) with the R + -covariant derivative of a field with weight w defined by D = d − w α m 11 A (1) . For the supersymmetry parameter we find
The fermionic field equations are deformed by the massive contributions
This
This reduction does not lead to a new gauged supergravity. It differs from the m IIA case in the order of the reductions from D=11. In case 1 one first performs an ordinary KK reduction and next a SS reduction onα while in the present case the order of these reductions is reversed: one first performs a SS reduction onα and next an ordinary KK reduction. Indeed, the difference is just a field redefinition via S-duality plus a relabelling of the mass parameters: m 11 = m IIA . The two mass parameters (m 11 , m IIA ) form a doublet under more general SL(2, R) field redefinitions.
Combining Massive Deformations
In the previous Section we have constructed seven gauged supergravities, each containing a single mass parameter. In this Section we would like to consider combining the massive deformations discussed in the previous Section. The resulting theories will have more mass parameters characterizing the different deformations. However, not all combinations will turn out to be consistent with supersymmetry. This inconsistency only appears when turning to the bosonic field equations: the supersymmetry algebra with a combination of massive deformations always closes, as can be seen from the following argument.
Suppose one has a supergravity with one massive deformation m and supersymmetry transformations δ 0 + δ m . In all cases discussed in this paper the massive deformation of the supersymmetry rules satisfies the following property: δ m (boson) = 0. In other words, only the supersymmetry variations of the fermions receive massive corrections. This implies that the issue of the closure of the supersymmetry algebra is a calculation with m-independent parts and parts linear in m but no parts of higher order in m 11 . On the one hand [δ(ǫ 1 ), δ(ǫ 2 )] has no terms quadratic in m since one of the two δ's acts on a boson. On the other hand the supersymmetry algebra closes modulo fermionic field equations which also have only terms independent of and linear in m. Therefore, given the closure of the massless algebra, the closure of the massive supersymmetry algebra only requires the cancellation of terms linear in m.
In the previous Sections we have not checked the closure of the massive supersymmetry algebras since this was guaranteed by the higher-dimensional origin, i.e. Scherk-Schwarz reduction of supergravity leads to a gauged supergravity. However, the argument of linearity allows us to combine different massive deformations. Suppose one has two massive supersymmetry algebras with transformations δ 0 + δ ma and δ 0 + δ m b . Both supersymmetry algebras close modulo fermionic field equations with (different) massive deformations. Then the combined massive algebra with transformation δ 0 +δ ma +δ m b also closes modulo fermionic field equations whose massive deformations are given by the sum of the separate massive deformations linear in m a and m b . The closure of the combined algebra is guaranteed by the closure of the two massive algebras since it requires a cancellation at the linear level.
Under supersymmetry variation of the fermionic field equations, one in general finds linear and quadratic deformations of the bosonic equations of motion. In addition to these corrections, we find that there are also 'non-dynamical' equations posing constraints on the mass parameters. Solving these equations generically excludes the possibility of combining massive deformations by requiring mass parameters to vanish. At first sight, one might seem surprised that the supersymmetry variation of the fermionic equations of motion leads to constraints other than the bosonic field equations. However, one should keep in mind that the multiplets involved cannot be linearized around a Minkowski vacuum solution. Therefore, the usual rules for linearized (Minkowski) multiplets do not apply here.
We find that generically adding massive deformations is possible whenever the D=10 symmetries, giving rise to the separate massive deformations, can be combined in D=10 as symmetries of IIA or IIB supergravity only. The combined D=9 supergravity is then a gauged supergravity which just follows by performing a SS reduction on the combined D=10 symmetry.
As a warming-up exercise we will in the first Subsection discuss the situation in D=10. In the next Subsection we will review the D=9 situation.
Combining Massive Deformations in 10D
The 10D IIA supergravity theory has two massive deformations parameterized by m R and m 11 . Can we combine these two massive deformations? Based on the linearity argument presented above one would expect a closed supersymmetry algebra. The bosonic field equations (with up to quadratic deformations) can be derived by applying the supersymmetry transformations (with only linear deformations) to the fermionic field equations (containing only linear deformations). For simplicity, we truncate all bosonic fields to zero except the metric and the dilaton. We thus find
(∂μφ)(∂νφ) + 
At the right-hand side we find four different structures. Three of them correspond to the field equations of the metric, dilaton and RR vector. The vector field equation correspond to the terms linear in m 11 and containing Γ 11 . They show us that truncating the RR vector to zero forces us to further truncate the dilaton to φ = c. More interesting is the fourth structure which is bilinear in m R m 11 . It leads to the constraint m R m 11 = 0. This constraint cannot be a remnant of a higher-rank form field equation due to its lack of Lorentz indices.
It could only fit in the scalar field equation but the Γ 11 factor prevents this. It is an extra constraint which does not restrict degrees of freedom but rather restricts mass parameters. We conclude that, even though the closure of the algebra is a linear calculation and therefore always works for combinations, the bosonic field equations exclude the possibility of the combination of massive deformations in D=10 dimensions.
Combining Massive Deformations in 9D
We next try to combine massive deformations in nine dimensions. One might hope that, due to the large amount of mass parameters, the bosonic field equations do not exclude all possible combinations, like in D=10. For the present purposes we will focus on specific terms in the supersymmetry variations of the fermionic field equations. In the following δ m and X m are understood to mean the supersymmetry variation and fermionic field equation at linear order containing the sum of all seven possible massive deformations derived in the previous Section. Variation of the fermionic field equations gives, amongst other γ-structures, the terms All these combinations can also be obtained by Scherk-Schwarz reduction of IIB employing a linear combination of the symmetriesδ and (one of the subgroups of) SL(2, R), guaranteeing its consistency. All cases (assuming that m IIB = 0) correspond to the gauging of an Abelian non-compact symmetry in 9D. Only the special case { m 2 < 0, m IIB = 0} corresponds to a SO(2)-gauging.
• Case 5 with {m 4 = − 12 5 m IIA , m 2 = m 3 }: this case can be understood as the generalized dimensional reduction of Romans' massive IIA theory, employing the R + symmetry that is not broken by the m R deformations:β − Another solution to the quadratic constraints has parameters {m IIA , m 11 }, but this combination does not represent a new case. It can be obtained from only m IIA (and thus a truncation of Case 1) via an SL(2, R) field redefinition (since they form a doublet). Thus the most general deformations are the five cases given above, all containing two mass parameters. All five of these are gauged theories and have a higher-dimensional origin. Both case 1 and case 5 have a non-Abelian gauge group provided m 4 = 0.
Solutions
In the first part of this paper we constructed a variety of gauged supergravities with 32 supersymmetries. They all have in common that there is a scalar potential. Our next goal is to make a systematic search for solutions that are based on this scalar potential. In the next Subsections we will search for two types of solutions: (i) 1/2 BPS domain-wall (DW) solutions and (ii) maximally symmetric solutions with constant scalars, i.e. de Sitter (dS), Minkowski (Mink) or anti-de Sitter (AdS) solutions.
1/2 BPS DW Solutions
In our previous paper [18] we already made a systematic search for half-supersymmetric DW solutions of the gauged supergravities corresponding to the cases 3, 4 and 5. Due to a oneto-one relationship with 7-branes in D=10 dimensions [29] we could even make a systematic investigation of the quantization of the mass parameters by using the results of [31, 32] .
The goal of this Subsection is to investigate whether the five massively deformed supergravities we found in Subsection 6.2 allow new half-supersymmetric DW solutions. In other words, we will derive all 1/2 BPS 7-brane solutions to the 9-dimensional supergravities described in the previous Sections. This analysis should lead, as a check of our calculations, to at least all the solutions of [18] . Since we are looking for 1/2 BPS solutions it is convenient to solve the Killing spinor equations, which are obtained by setting the supersymmetry variation of the gravitino and dilatinos to zero. In this way we solve first order equations instead of second order equations which we would encounter if we would solve the field equations directly. For static configurations a solution to the Killing spinor equation is also a solution to the field equations, so we don't have to explicitly check that the field equations are satisfied. The projector 12 for a DW is given by 1 2 (1 ± γ y ), where y denotes the transverse direction.
12 From a general analysis of the possible projectors in 9 dimensions, i.e. demanding that the projector squares to itself and that its trace is half of the spinor dimension, in order to yield a 1/2 BPS state, we find that there is a second projector given by 1 2 (1 ± iγ t ). This projector would give a euclidean DW, i.e. a DW having time as a transverse direction. Note that such a Euclidean DW can never be 1/2 BPS since if there
We find that, in order to make a projection operator in the Killing spinor equations, we are forced to set all mass parameters to zero except for m, which corresponds to cases 3, 4 and 5 of Section 6. This is a consistent combination of masses and we obtain three classes of domain wall solution which were discussed in detail in [18] . As it turns out, there are no more half-supersymmetric DW solutions.
To summarize, we find that there are no new codimension-one 1/2 BPS solutions to the D=9 supergravity theories we obtained in the previous Sections, as compared to the three classes of domain wall solutions given in [18] .
Solutions with Constant Scalars
In this Subsection we will consider solutions with all three scalars constant. This is a consistent truncation in two cases which both have two mass parameters. In this truncation one is left with the metric only satisfying the Einstein equation with a cosmological term
with Λ quadratic in the two mass parameters. Depending on the sign of this term one thus has anti-de Sitter, Minkowski or de Sitter geometry. We find that solutions with constant scalars are possible in the following massive supergravities:
• D=10 with {m 11 } has Λ = 36m 11 2 e −3φ/2 , which gives rise to de Sitter 10 [9] , breaking all supersymmetry. The D=11 origin of this solution is Mink 11 written in a basis where the x-dependence is of the required form [9] :
• D=9, Case 1 with {m IIA = − , which gives rise to De Sitter 9 , breaking all supersymmetry. This case follows from the reduction of Mink 10 by using a combination of IIA scale symmetries that leave the dilaton invariant (since Minkowski has vanishing dilaton) so that, after reduction, one is left with a non-trivial geometry only.
• D=9, Case 4 with {m IIB , m 3 } has Λ = 28m IIB 2 e 4ϕ/ √ 7 , which gives rise to de Sitter 9 for non-vanishing m IIB . This case follows from the reduction of Mink 10 by using a combination of IIB scale symmetries that leave the dilaton invariant. Note that for vanishing m IIB this reduces to Mink 9 , despite the presence of m 3 [20] . For either m IIB or m 3 non-zero this solution breaks all supersymmetry.
existed a Killing spinor it would square to a Killing vector in the transverse direction, i.e. time, which is not an isometry of the euclidean DW.
Conclusions
In this paper we have constructed five different D=9 massive deformations with 32 supersymmetries, each containing two mass parameters. All these five theories have a higherdimensional origin via SS reduction from D=10 dimensions. Furthermore, the massive deformations gauge a global symmetry of the massless theory. The gauge groups we have obtained are the Abelian groups SO(2), SO (1, 1) + , R, R + and the unique two-dimensional non-Abelian Lie group A(1) of scalings and translations on the real line.
We have analyzed the possibility of combining massive deformations to obtain more general massive supergravities that are not gauged or do not have a higher-dimensional origin. Our analysis shows that the only possible combinations are the five two-parameter deformations, which are all gauged and can be uplifted. We have not made a systematic search for massive D=9 supergravities that are not the combination of gaugings and we cannot exclude that there are more possibilities. This requires a separate calculation. In this context, it is of interest to point out that examples of massive supergravities like Romans have been found in lower dimensions, e.g. [33, 34] . In these cases the compactification manifolds are such that the candidate gauge fields are truncated away.
It is intriguing that some of the gauged supergravities we have constructed result from gauging an R + scale symmetry that does not leave the Lagrangian invariant but scales it with a factor. Apparently, it is possible to gauge such symmetries at the level of the equations of motion. It would be interesting to work out the general procedure for doing this.
We now would like to address the question of whether the gauged supergravities we constructed can be interpreted as the leading terms in a low-energy approximation to (compactified) superstring theory. Let us first discuss the status of the D=10 gauged supergravity. There exist two ways in the literature to construct this theory:
(1) In [8] the theory was constructed by pointing out that the Bianchi identities of D=11 superspace allow a more general solution involving a conformal spin connection. This more general solution is equivalent to standard D=11 supergravity for a topologically trivial spacetime but leads to a new possibility for a nontrivial spacetime of the form M 10 × S 1 . The reduction over the circle leads to the D=10 gauged supergravity theory.
(2) In [9] the same D=10 gauged supergravity was obtained via SS reduction of the standard D=11 supergravity using the R + scale symmetry of the D=11 equations of motion.
In both cases it is not obvious how to extend the reduction procedure beyond the lowest order approximation. The higher-order derivative terms which arise as corrections in Mtheory seem to break the scale invariance of the D=11 equations of motion 13 . The symmetry used to reduce is therefore only a symmetry of the lowest order approximation. Presumably this means that the more general procedure of [8] involving the conformal spin connection also does not work in the presence of higher-order corrections.
One could try to restore the scale invariance by treating the D=11 Planck length ℓ p or, equivalently, the D=11 Einstein constant κ, as a scalar field ℓ p (x) and giving it a nontrivial weight under the scale transformations. This can be done by adding to the D=11 Lagrangian a Lagrange multiplier term of the form
where ℓ p (x) is the x-dependent D=11 Planck length and Λ (10) is a 10-form Lagrange multiplier field 14 . The problem of the above approach is that, after SS reduction, one is left with two Lagrange multiplier fields. The field equation for one of them implies that the string parameter ℓ s is a constant. The other field equation, however, leads to the constraint that m 11 ℓ s = 0. Thus, one should take either m 11 = 0 or ℓ s = 0. In the first case there is no deformation left while in the second case one is forced to consider string theory in the ℓ s = 0 limit where no higher-order corrections survive. Naturally, the scale symmetry survives in this limit.
However, the fact that the gauged 10D supergravity with mass parameter m 11 does not seem to have a higher dimensional origin in the presence of higher derivative corrections does not exclude a possible rôle for it in string theory. In this sense its status is similar to Romans' massive theory which also can not be obtained from 11D supergravity plus corrections. Of course the difference is that Romans' theory has a well understood string theory origin which is lacking for the m 11 theory.
The same discussion carries over to nine dimensions. The massive deformations split up in two categories: those where only the theory to lowest order in α ′ has a higher-dimensional origin and those where also the higher-derivative corrections can be obtained from 10D. The latter category can be derived using symmetries that extend to all orders in α ′ . We have two such symmetries:
• The SL(2, R) (or rather its SL ( (m 1 2 +m 2 2 −m 3 2 )). In [18] DW solutions were constructed for all three sectors. Of these only the D7-brane has a well-understood role in IIB string theory.
• The linear combination +β of IIA 14 A similar procedure can be performed at the level of the Green-Schwarz action of the D=11 supermembrane [35] where the membrane tension is replaced by a worldvolume 2-form potential. This introduces a scale symmetry in the Green-Schwarz action. In fact, one can show that in the formulation of [35] the Green-Schwarz action is invariant under the same scale transformations that leave the equations of motion of D=11 supergravity invariant.
can be understood from its 11D origin as the general coordinate transformation x 11 → λ x 11 . This explains why all α ′ corrections transform covariantly under this specific R + : the higherorder corrections in 11D are invariant under general coordinate transformations and upon reduction they must transform covariantly under the reduced g.c.t.'s, among which is the 1 12α +β scaling-symmetry. The transformation x 11 → λ x 11 can also be used for a Scherk-Schwarz reduction from 11D to 9D with a different procedure to give internal coordinate dependence to the fields. Let us call this an SS2 reduction as opposed to the SS1 reduction, which is the method we have used throughout the paper and which is based on global, internal symmetries of the higher-dimensional theory. The SS2 procedure [36] instead uses a symmetry of the compactification manifold for the reduction Ansatz 15 . The massive deformations resulting from a SS2 reduction can be expressed in terms of the structure constants of the corresponding nonAbelian gauge group. Using the transformation x 11 → λ x 11 in the SS2 reduction from 11D to 9D we obtain massive deformations which are equal to the m s deformations upon relating the components of f ab c to m s . Indeed, this explains why the m s deformations correspond to a gauging of the 2D non-Abelian Lie group A(1) rather than only the R + symmetry 1 12 α + β. The understanding of the m s deformation in terms of a SS2 reduction employing x 11 → λ x 11 also explains whym 4 cannot be obtained from a SS1 reduction. Since S-duality interchanges x 10 and x 11 , it is the g.c.t. 
A Conventions
We use mostly plus signature (− + · · · +). All metrics are Einstein-frame metrics. Doubly hatted fields and indices are eleven-dimensional, singly hatted fields and indices tendimensional while unhatted ones are nine-dimensional. Greek indicesμ,ν,ρ . . . denote world coordinates and Latin indicesâ,b,ĉ . . . represent tangent spacetime. They are related by the Vielbeinsêμâ and inverse Vielbeinsêâμ. Explicit indices x, y are underlined when flat and non-underlined when curved. When indices are omitted we use form notation.
B Scherk-Schwarz Reduction of Dilaton-Gravity
In this Appendix we will discuss in detail the most general Scherk-Schwarz reduction of the dilaton-gravity system.
We start with the truncation of 10D IIA and IIB supergravity to the metric and the dilaton. The Lagrangian readsL 
This system has two global symmetries: one can either scale the metric or one can shift the dilaton:ĝμν
3)
The shift of the dilaton is a symmetry of the Lagrangian. The scale transformation of the metric is a symmetry of the field equations only; it scales the Lagrangian. This will prove an important difference when performing Scherk-Schwarz reductions. We will show that one has to reduce field equations, rather than the Lagrangian, when performing SS reductions with symmetries of the field equations only.
Using an arbitrary linear combination of the two global symmetries we make the following Ansatz for Scherk-Schwarz reduction over x to nine dimensions: where we have omitted the Kaluza-Klein vector A µ for simplicity. Using this Ansatz the 10D field equations yield the following 9D equations:
Note that the field equations of the metric and both scalars get bilinear massive deformations. In addition one has the reduction of theĝ xµ field equation
which is the equation of motion for the Kaluza-Klein vector A µ . Since it is not important for our argument we will not consider this equation and restrict to (B.5). We will discuss whether this sector of the field equations can be reproduced by a Lagrangian. If one performs the SS reduction on the 10D Lagrangian, instead of on the field equations, the result readsL = e 8mg x L with the 9D Lagrangian given by
The corresponding Euler-Lagrange equations read are not equal to the field equations (B.5) for m g = 0 16 . In fact, the situation is worse [9] : for m g = 0 there is no Lagrangian L with potential V (φ, ϕ) whose Euler-Lagrange equations are the correct field equations (B.5). The metric field equation would require
but this is inconsistent with the φ and ϕ field equations for m g = 0.
Thus we conclude that Scherk-Schwarz reduction on the Lagrangian is only legitimate when the exploited symmetry leaves the Lagrangian invariant rather than covariant. For symmetries that scale the Lagrangian one has to reduce the field equations. Including the full field content, such as the Kaluza-Klein vector A µ , does not change this conclusion. One could hope to improve the situation by first going to a frame in which the metric is invariant (possible for any m φ , m g with m φ = 0) and then do the SS reduction. Since this is related by a field redefinition it will not change the essential properties: the higherdimensional Lagrangian still scales and the lower-dimensional field equations do not have a corresponding Lagrangian.
C Supergravities and their Reductions C.1 D=11 Supergravity
The supersymmetry transformation rules of N = 1 eleven-dimensional supergravity read
with the field strengthsĜ (4) = dĈ and Dμǫ = (∂μ +ωμ)ǫ. The 11D fermionic field content consists solely of a 32-component gravitino, whose field equation reads
withDν = ∂ν +ων and where we have set the three-form equal to zero. Under supersymmetry this fermionic field equations transforms into
] , (C to arrive at the IIA susy-rules in ten dimensions.
C.2 D=10 IIA Supergravity
The supersymmetry transformation rules of ten-dimensional IIA supergravity read δ 0êμâ =ǫΓâψμ , δ 0ψμ = Dμ + 
) , 
with the following field strengths:
and Dμǫ = (∂μ +ωμ)ǫ. Upon (massless) reduction with our Ansätze the 11D field equation splits up in two field equations for the 10D IIA fermionic field content, a gravitino and a dilatino:
withDν = (∂ν +ων) and where we have set the vector, two-and three-form equal to zero. Under supersymmetry these fermionic field equations transform into
which imply the usual graviton-dilaton field equations. We use the following reduction Ansatz with x-dependence implied by the R + -symmetrieŝ α andβ, given in Table 2 : 
[µ B (2) νρ] + 3A (2) [µ B (1) νρ] + 6A 
C.3 D=10 IIB Supergravity
The supersymmetry transformation rules of ten-dimensional IIB supergravity read (in complex notation)
+ h.c. ,
[μν δB
e −φǫλ * + h.c. ,
with the complex scalarτ =χ + ie −φ and the field strengths
The field strengthĜ is subject to a self-duality constraint. The covariant derivative of the IIB Killing spinor reads
When truncating to the metric, scalars and fermions, the massless 10D IIB fermionic field equations read
The reduction Ansätze we used for reducing the above rules arê where we take the Ω to be x-dependent:
Ω(x) = cosh(αx) + Upon reduction to 9D the self-duality constraint relates C µνλ to D µνλρ and can be used to eliminate the latter.
C.4 D=9 N = 2 Supergravity
The unique nine-dimensional N = 2 supergravity theory has the following supersymmetry transformations:
δ 0 e µ a = 1 2ǭ γ a ψ µ + h.c. , 
D Spinors and Γ-matrices in Ten and Nine Dimensions
The Γ-matrices in ten (Γμ) and nine (γ µ ) dimensions can be chosen to satisfy
respectively. In ten dimensions we can also choose the Γ-matrices to be real, while in nine dimensions they will be purely imaginary, which implies that we can write a ten-dimensional Majorana-Weyl spinor as being composed of nine-dimensional, 16 component, Majorana-Weyl spinors according to
where ψ i are nine-dimensional Majorana-Weyl spinors and + or − denotes the chirality of the ten-dimensional spinor. The split of an arbitrary ten-dimensional spinor into two Majorana-Weyl spinors of opposite chirality can of course be done without reference to nine dimensions (through the specific choice of Γ 11 ), but each ten-dimensional Majorana-Weyl spinor will then in general have 32 non-zero components even though it only has 16 degrees of freedom. In order to reduce to nine dimensions we use
where x is the reduction coordinate and the Pauli matrices are defined as
As mentioned above the nine dimensional γ-matrices are purely imaginary. If we work with a reduction of type IIB, where the two spinors have the same chirality, it may be convenient to introduce complex, nine-dimensional, Weyl spinors according to
which in ten-dimensional notation can be written as, e.g.,
If we instead work with a reduction of type IIA the two spinors will have opposite chirality, and can thus be composed into a ten-dimensional Majorana spinor according to
When working with these non-minimal spinors, which are either just Majorana (ψ 14) where the spinors without an M or W superscript are Majorana-Weyl spinors. The two different routes to obtain Majorana-Weyl spinors are illustrated in Figure 2 . Note also that it follows from the Clifford algebra and the choice of Γ 11 that Γ x is off-diagonal, which is crucial for this construction. 
